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ABSTRACT. In this article, we flrst study existence theorems in complete 
metric spaces which generalize the Banach contraction principle. Next, we 
introduce the concept of w-distances and prove some results in complete metric 
spaces. Finally we study the relationship between contractive mappings and 
Kannan mappings and then discuss characterizations of metric completeness. 
1 IntroduCtion 
Let X be metric space with metric d. A mapping T from X into Itself is called 
coT~tractive if there exists a real number r c [O, l) such that d(Tx,Ty) ~ rd(x,y) 
for every x, y e X. It is well known that if X is a complete metric space, then every 
contractive mapping from X into itself has a unique fixed point in X. This theorem 
is called the Banach contraction principle. However, we exhibit a metric space X 
such that X is not complete and every contractive mapping from X into itself has a 
fixed point in X; see Section 4. A mapping T from X into itself is also called Kannan 
if there exists a real number r e [O, ~) such that d(Tx, Ty) ~ r{d(Tx, x) + d(Ty, y)} 
for every x, y e X. We know that a metric space X is complete if and only if every 
Kannan mapping from X into itself has a fixed point in X. 
On the other hand, in 1976, Caristi [3] proved a fixed point theorem in a complete 
metric space which generalizes the Banach contraction principle. Ekeland [5] also 
obtained a nonconvex minimization theorem for a proper lower semicontinuous func-
tion, bounded from below, in a complete metric space. The theorem is also called 
the c-variational principle. The t¥vo theorems are very useful and have many appli-
cations. Later Takahashi [22] proved the following nonconvex minimization theorem: 
Let X be a complete metric space and let f : X ~ (-co, oo] be a proper lower 
semicontinuous function, bounded from below. Suppose that, for each u c X with 
f(u) > inf.ex f(x), there exists v e X such that v ~ u and f(v) + d(u,v) ~ f(u). 
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Then there exists xo e X such that f(xo) = inf.ex f(x). This theorem was used 
to obtain Caristi's fixed point theorem [3], Ekeland's c-variational principle [5j and 
Nadler's fixed point theorem [ll]. In [22], Takahashi also studied characterizations 
of metric completeness by using the nonconvex minimization theorem. Recently, 
Kada, Suzuki and Takahashi [8] introduced the concept of w-distances on a metric 
space and improved Caristi's fixed point theorem, Ekeland's c-variational principle 
and the nonconvex minimization theorem according to Takahashi. 
In this article, we first study existence theorems in complete metric spaces ~vhich 
generalize the Banach contraction principle. Next, we introduce the concept of w-
distances and prove some results in complete metric spaces. Finally we study the 
relationship between contractive mappings and Kannan mappings and then discuss 
characterizations of metric completeness. 
2 EXiStenCe TheOremS 
The Banach contraction principle in a complete metric space is very important. 
The follo~ving theorem obtained by Ta,kahashi [22j is also used to prove Ekeland's 
c-variational principle (Theorem 2.2) and Caristi's fixed point theorem (Theorem 
2.4) which generalize the principle. Throughout this article, we denote by N the set 
of positive integers and by R the set of real numbers. 
Theorem 2.1. Let X be a complete metric space and let F : X ~~ (-o0,00j be 
a proper lower semicontinuous function, bounded from below. Suppose that, for 
each u e X with inf~ex F(x) < F(u), there exists a v e X such that v ~ u and 
F(v)+d(u, v) ~ F(u). Then, there exists an xo ~: X such that F(xo) = infxex F(x). 
Suppose infxex F(x) < F(y) for e¥'ery y e X and let u e X ~vith Proof . 
F(u) < oo. Then, ¥ve define inductively a sequence {un} in X, starting uo = u. 
Suppose unl e X is known. Then, choose un ~ Sn such that 
S {w ~ ~ F(w) < F(u~_1) - d(un-1'w)} 
and F(u ) < ~ensf F(w) + ;{F(u~_1) - wiens~ F(w)}. ' ' ' (*) 
We claim that this is a Cauchy sequence. Indeed, if m > n then 
m-l - ~ d(tLn?um) < ("' " ) dL*t' "i+1 
e=n 
m-l - ~;{F(ue) ~ F(u~+1)} < 
i=n 


































































































































Example 3.2. Let X be a metric space with metric d. Then a function p : XxX ~ 
[O, oo) defined by p(x,y) = c for every x, y e X is a w-distance or~ X, where c is a 
positive real number. 
Example 3.3. Let X be a noTVT~ed linear space with norm ll ･ Il･ If p X x X ~~ 
[O, oo) is defir~ed by 
p(x,y) = Ilxll+1lyjl for every x,yeX, 
then p is a w-distance on X. 
Example 3.4. Let X be a normed lineaT' space with norm ll ･ I. If p X x X ~. 
[O, oo) is defined by 
p(x, y) = Ilyll for all x, y e X, 
then p is a w-distarhce on X. 
Example 3.5. Let X be a metric space and let T be a corhtinuous mapping from X 
into itself. Then a function p : X x X ~ [O, oo) defined by 
p(x,y) = max{d(Tx,y),d(Tx,Ty)} for every x y e X 
is a w-distance on X. 
Example 3.6. Let F be a bounded aud closed subset of a metric space X. Assume 
that F contains at least two points and c is a constant with c Z 6(F), where 6(F) is 
the diameter of F. Then a function p : X x X ~:~ [O, oo) defined by ?
d(x,y) if x,y~F, p(x,y) c if x ~ F ory ~ F 
is a w-distaT~ce on X. 
Let c ~ (0,00]. A metric space X with' metric d is called c-chainable [4] if for 
every x, y ~ X there exists a finite sequence {uo, ul' ' ' ' , uk} in X^ such that uo = x, 
uk = y and d(ui,ui+1) < c for i = 0,1,. . . , k - l. Such a sequence is called an 
c-chain in X Iinking x and y. 
Example 3.7. Let c C (O, oo] ar~d let X be an c-chainable metric space with metric 
d. Then the function p ; X x X ~ [0,00) defined by 
k-l 
p(x'y) :::: inf ~d(ue ut+1) {uo ul"" 'uk} is an ~-chain linkin9 x and y 
i:::o 
is a w-distance on X. 
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Next, we discuss properties of w-distances. The following lemmas are crucial in 
the proofs of the theorems in this article. 
Lemma 3.8. Let X be a metric space with metric d ar~d let p be a w-distance or~ 
X. Let {xn} and {yn} be sequences in X. Let {ain} and {pn} be sequences in [0,00) 
c071;vergiT~g to O, and let x, y, z e X. Then the following hold, 
(i) Ifp(xn'y) ~ an and p(xn'z) ~ pn for any T7; e N, then y = z. In paticular, if 
p(x, y) = O arrd p(x, z) = O, then y = z, 
(ii) if p(xn'yn) ~ oi~ and p(xn' z) ~ pn for any n e N, then {y~} converges to zj 
(iii) if P(xn'xm) ~ ai* for any n,m e N with m > n, then {xn} is a Cauchy 
sequencei 
(iv) ifp(y,xn) ~ c~n for aTry r~ ~ N, then {xn} is a Cauchy sequence. 
Lemma 3.9. Let X be a metric space and let pl artd p2 be w-distances on X. If 
p : X x X ~~ [O, oo) is defined by 
p(x,y) = max{pl(x,y),p2(x,y)} for all x y e X 
theTh P is a w-distance on X. 
Lemma 3.10. Let X, pl aT2;d p2 be as in Lemma 3.9. Ifp : X x X ~ [0,00) is 
defined by 
p(x, y) = apl(x, y) + pp2(x, y) for all x, y ~ X, 
where a! and p are nonnegative real rtumbers such that (y ~ O or p ~ O, theT~ P is a 
w-distance or} X. 
Lemma 3.11. Let X be a metric space, Iet p be a w-distance on X and let f be a 
function of X into [O, oo). If g : X x X ~~ [O, oo) is defined by 
g(x>y) = max{f(x),p(x,y)} for allx,y ~ X, 
then g is a w-distance oT~ X. 
We first prove a. nonconvex minimization theorem [8] ¥vhich improves the result 
in Section 2. 
Theorem 3.12. Let X be a complete metric space, and let f : X ~~ (-c<), oo] be a 
proper lower semicontinuotts fur~ction, bounded from below. Assume that there exists 
a w-distance p on X such that for any u e X with infxex f(x) < f(u), there exists 
v c X with v ~ u aTrd 
f(v) +p(u, v) ~ f(u). 
Then there exists xo e X such that infxex f(x) = f(xo)' 
74 
Proof. Suppose inf.ex f(x) < f(u) for every y ~ X and choose u e X with 
f(u) < oo. Then we define inductively a sequence {u~} in X, starting with ul = u. 
Suppose u~ e X is known. Then choose un+1 e S(u~) such that 
S(u~) = {x cX : f(x) +p(un'x) ~ f(u~)}, 
k (u~ ) f (x) = inf'es(u~) 
an d 
?
f(u~+1) ~ k(u~) + -. 
n 
Smce f(u~+1) + p(u~,un+1) ~ f(u~), {f(u~)} is nonincreasing. So, lim~~oQ f(u ) 
exists. Put h = Iim~~* f(u~). We claim that {u~} is a Cauchy sequence In fact 
if n < m, then 
*- l p(u~,um) ~ ~p(u3'uj+1) 
j =~ 
m-l - ~;{f(u3)-f(uj+1)} <
3 =~ 
= f(tc~) - f(u~) ~ f(u~) - k (*) 
From Lemma 3.8, {u~} is a Cauchy sequence. Let u~ ~ vo' Then, if m ~ oo in 
(*), we have 
p(u.,, vo) ~ f(u~) - h ~ f(u~) - f(vo)' 
On the other hand, by hypothesis, there exists vl e X such that vl ~ vo and 
f(vl) + p(vo' vl) ~ f(vo)' Hence, we obtain 
f(vl)+p(u~,vl) ~ f(vl)+p(u~,vo)+p(vo,vl) 
~ f(vo)+p(th~,vo) 
and hence vl e S(u~). Since 
f(vo) ~ f(un+1) ~ k(un) + ~ ~ f(vl) + ~ 
n 
for every n C N, we have f(vo) ~ f(vl)' Then, f(vo) = f(vl). So we have 
P(vo,vi) = O. By hypothesis, there exists v2 ~ X such that v2 ~ vl and f(v2) + 
p(vl'v2) ~ f(vl)' As in (**), we have f(v2) + p(u~,v2) ~ f(u~) and hence v2 ~ 
S(u~). So, we have f(vl) = f(vo) ~ f(v2)' This implies p(vl'v2) = O. From 
p(vo, v2) ~ p(vo, vl) +p(vl, v2) = O, we have p(vo, ~2) = O. Hence, from p(vo, vl) = O, 
p(vo, v2) = O and Lemma 3.8, we have vl = v2' This is a contradiction. C] 
The following theorem [8] is a generalization of Caristi's fixed point theorem. 
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Theorem 3.13. Let X be a complete metric space and let f : X ~. (-oo, oo] be 
a proper lower semicontinuous function, bounded from below. Let T be a mapping 
from X into itself. Assume that there exists a w-distance p oT~; X such that f(Tx) + 
p(x, Tx) ~ f(x) for every x e X. Then there exists xo e X such that Txo = xo and 
p(xo, xo) = O. 
Proof. Since f is proper, there exists tc e X such that f(u) < oo. Put 
Y= {x eX f(x) < f(u)} 
Then, since f is lower semicontinuous, Y is closed. So Y is complete. Let x c Y. 
Then, since f(Tx) + p(x,Tx) ~ f(x) ~ f(u), we have Tx e Y. So, Y is invariant 
under T. Assume that Tx ~ x for every x e Y. Then by Theorem 3.12, there 
exists vo e Y such that f(vo) = infxeYf(x). Since f(Tvo) + p(vo,Tvo) ~ f(vo) 
and f(vo) = infxeY f(x), ¥ve have f(Tvo) = f(vo) = infxeY f(x) and p(vo, Tvo) = O. 
Similarly we obtain f(T2vo) = f(Tvo) = infxeY f(x) and p(Tvo,T2vo) = O. Since 
p(vo,T2vo) ~ p(vo,Tvo) + p(Tvo,T2vo) = O, we have p(vo,T2vo) = O and hence 
Tvo = T2vo by Lemma 3.8. This is a contradiction. Therefore T has a fixed point 
xo m Y. Since f(xo) < oo and 
f(xo) + p(xo, xo) = f(Txo) + p(xo, Txo) ~ f(xo), 
¥ve have p(xo,xo) = O. [] 
Let X be a metric space with metric d. Then, a set-valued mapping T from X 
into itself is called weakly contTactive or p-contractive if there exists a w-distance p 
on X and T e [O, 1) such that for any xl,x2 ~ X and yl e Txl there is y2 e Tx2 
with p(yl'y2) ~ rp(xl,x2)' In particular, a single-valued mapping T from X into 
itself is called weakly contractive or p-contractive if there exists a w-distance p on 
X and r ~ [O, 1) such that p(Tx,Ty) < rp(x,y) for every x,y e X. The following 
theorem was proved by Suzuki and Takahashi [16]. 
Theorem 3.14. Let X be a complete metric space and let T be a set-valued p-
contractive mappir~g from X into itself such that for any x ~ X. Tx is a nonempty 
closed subset of X. Then there exists xo e X such that xo e Txo and p(xo,xo) = O. 
Proof. Let p be a w-distance on X and let r be a real number with r e [O, l) 
such that for any xl' x2 e X and yl C Txl, there exists y2 e Tx2 with p(yl'y2) ~ 
rp(xl, x2)' Let uo e X and ul e Tuo be fixed. Then there exists u2 e Tul such that 
p(ul'u2) ~ rp(uo, ul). Thus, we have a sequence {un} in X such that un+1 e Tun 
and p(un' un+1) ~ Tp(un-1' un) for every n e N. For any n ~ N, we have 
p(u~,u~+1) < rp(ur' l'?In) < r p(u 2,un l) ~ ' ' ' ~ rnp(uo,ul) 
and hence, for any n, m e N ~vith m > n, 
p(un'um) ~ p(un'un+1) +p(un+1,un+2) + ' ' ' +p(um-1'um) 
~ rnp(uo, ul) + Tn+ip(uo,ul) + ' ' ' + rm-lp(uo,ul) 
~ Ir_TP(tLo,ul)' < 
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By Lemma 3.8, {un} is a Cauchy sequence. Then {un} converges to a point vo e 
X. Let n e N be fixed. Then since {um} converges to vo and p(un") is lower 
semicontinuous, we have 
p(un' vo) ~ Iim infp(un' um) ~ r mH'oQ I - rP(uo, ul)' (*) 
By hypothesis, we also have wn ~ Tvo such that p(un'~)n) ~ rp(u~_1, . vo) So, we 
have, for any n e N, 
p(un'wn) ~ rp(un-1'vo) 
~ I - rP(tho, ?ll) 
By Lemma 3.8, {wn} converges to vo' Since Tvo is closed, we have vo e Tvo' For 
such vo, there exists vl ~ Tvo such that p(vo,vl) ~ rp(vo,vo)' Thus, we also have 
a sequence {vn} in X such that v~+1 e Tvn and p(vo,vn+1) ~ rp(vo,vn) for every 
n ~E N. So, ¥ve ha¥'e 
P(vo,vn) < rp(vo,vn l) ~ ' ' ' ~ rnp(vo, vo)' 
By Lemma 3.8, {vn} is a Cauchy sequence. Then {vn} converges to a point xo e X. 
Since p(vo, ') is lower semicontinuous, we have p(vo, xo) ~ Iim infn P(vo, v~) ~ o and 
hence p(vo, xo) = O. Then, we have, for any n ~ N, 
p(un'xo) ~ p(un'vo)+p(vo,xo) 
< p(uo, ul ) ~ l-r 
So, using (*) and Lemma 3.8, we obtain vo = xo and hence p(vo, vo) = O. [] 
Corollary 3.15. Let X be a complete metric space. If a mapping T from X into 
itself is p-contractive, then T has a unique fixed point xo C X. Further such xo 
satisfies p(xo, xo) = O. 
Proof. Let p be a ¥v-distance and let r be a real number with ~ e [O, l) such that 
p(Tx,Ty) ~ rp(x,y) for every x,y e X. Then from Theorem 3.14, there exists 
x ~ X ¥vlth Tx = xo and p(xo,xo) = O. If yo = Tyo, then we have 
p(xo, yo) = p(Txo, Tyo) ~ rp(xo, yo)' 
Since r e [O, 1), we have p(xo,yo) = O. So by p(xo xo) O and (1) of Lemma 3 8 
we have xo = yo' [] 
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4 CharaCterizationS Of Metric CorrlpleteneSS 
In this section, we discuss characterizations of metric completeness. We first give 
the following example [16] : Difine 
n {( ?, e ~2 : t ~ (O, Ij f for every n e N ?
Tb 
and 
S = U A~ U {O} 
~eN 
Then S is not complete and every continuous mapping on S has a flxed point in S. 
Motivated by this example, we shall discuss characterizations of metric com-
pleteness. Before discussing them, Iet us study the relationship between contractive 
mappings and Kannan mappings [15j. Let X be a metric space ~vith metric d. Then 
we denote by W(X) the set of w-dlstances on X. A w-distance p on X is called 
symmetric if p(x, y) = p(y, x) for all x, y e X. ¥Ve denote by Wo(X) the set of all 
symmetric w-distances on X. Note that the metric d is an element in Wo(X). We 
denote by WC1(X) the set of all mappings T from X into itself such that there exist 
p e W(X) and r ~ [O, l) satisfying 
p(Tx,Ty) ~ rp(x,y) for all x y e X 
i.e., the set of all weakly contractive mappings from X into itself. We define the 
sets WC2(X) , WCo(X), WKl(X) , WK2(X) and WKo(X) of mappings from X into 
itself as follows: T ~ WC2(X) if a,nd only if there exist p ~ W(X) and r ~ [O, 1) 
such that 
p(Tx,Ty) ~ rp(~,x) for all x y C X 
T ~ WCo(X) if and only if there exist p ~ Wo(X) and T C [O, 1) such that 
p(Tx,Ty) ~ rp(x,y) for all x y e X 
T e WKl(X) if and only if there exist p ~ W(X) and ct! C [O, 1/2) such that 
p(Tx,Ty) ~ oi{p(Tx,x) +p(Ty>y)} for all x,y e X; 
T ~ WK2(X) if and only if there exist p e W(X) and (~ e [O, 1/2) such that 
p(Tx,Ty) ~ Oi{p(Tx,x) +p(y,Ty)} for all x,y e X; 
T ~ WKo(X) if and only if there exist p ~ Wo(X) and c~ ~ [O, l/2) such that 
p(Tx,Ty) ~ oi{p(Tx,x) +p(Ty, y)} for all x,y ~ X. 
For proving the theorems in this section, we need some lemmas. 
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Lemma 4.1. Let X be a metric space with metric d, Iet p be a w-distance On X 
and let f be a function from X into [O,cO). Then a function q from X x X into 
[O, oo) given by q(x, y) = f(x) +p(x, y) for each (x, y) e X x X is also a w-distance. 
Lemma 4.2. Let X be a metric space with metric d, Iet p be a w-distance on X, 
let T be a mapping from X into itself a71~d let u be a point of X such that 
lim p(T"u,T"u) = O. 
",n~-
Then for every x e X, IimkH,ooP(Tku, x) and limk~ooP(x,Tku) exist. Moreover, Iet 
p and n/ be fu7~;ctior2;s from X into [O, oo) defined by 
p(x) = kli~mooP(Tku,x) and 7(x) kli~mooP(x T u) 
Then the following hold, 
(i) p is lower semicontinuous OT~ X, 
(ii) for ever~ c > o, there exists 6 > o such that p(x) ~ 6 aTrd p(y) ~ 5 imply 
d(x,y) ~ c. IT~ Particular, the set {x ~E X : p(x) = O } COnsistS of at most one 
pointj 
(iii) the fur~ctions ql and q2 from X x X iT~to [0,00) defined by 
ql(x,y) = p(x) + p(y) and q2(x, y) = 7(x) + p(y) 
are w-distances on X. 
We study the relationship between the classes of mappings by using Lemmas 4.l 
and 4.2. 
Lemma 4.3. WCl(X) C WKo(X). 
Proof. Suppose T e WCl(X), i.e., there exist a w-distance p and r e [O, 1) such 
that p(Tx,Ty) ~ rp(x,y) for all x,y ~ X.. Fix ?1 ~ X. Then we have, for each 
m,n c N, 
p(T"u, T"u) ~ r~~~{~,"} max{p(u, u), p(Tu, u), p(te, Tu)} 
l-r 
Since O ~ r < l, we have limm,~H'coP(T"u,T~tt) = O. So, by Lemma 4.2, p(x) = 
limkH,ooP(Tku, x) is well-defined and ql(x, y) = p(x) + p(y) is a w-distance on X. 
From p(Tx) ~ Tp(x) for every x c X, we have 
ql(Tx,Ty) ~ r(1 +T)~l{ql(Tx,x) + ql(Ty,y)} for all x y e X 





































































Theorem 4.7. Let X be a metric space with metric d. Then the following are 
equivalent; 
(i) X is complete! 
(ii) every Kannan mapping T from X into itself has a fixed poiT2;t in Xj 
(iii) for every bounded sequence {xn} in X and every mean ~t on N such that 
infxex ktnd(xn' x) = O, there exists xo ~E X with ktnd(xn' xo) = O. 
(iv) uf for every uniformly continuous function c : X ~ [O, oo) and every u e X 
with infxex ip(x) < ip(u), there exists v ~ X such that v ~ u and ip(v) + 
d(u, v) ~ ip(u), then there exists z e X such that ip(z) = inf.ex ip(x). 
Proof. (i) ~ (ii) is obvious from Corollary 3.15 and Theorem 4.6. (We also lea¥'e 
another proof to the reader.) We show (ii) ~ (iii). Let {xn} be a bounded sequence 
in X and let /1 be a mean on N such that infxex pt~d(xn'x) = O. Let us deflne a 
mapping T from X into itself as follows. For each x ~ X, we choose a point Tx ~ X 
with fhnd(xn'Tx) ~ l/4fxnd(xn'x). We show that T is a Kannan mapping. Let x 
and y be arbitrary points in X. Then 
kt~d(xn' Tx) ~ j~nd(xn' x) ~ j{klnd(xn' Tx) + kbnd(Tx, x)}. 
Hence pl d(xn'Tx) < ll3d(Tx x) Slmilarly pt d(xn'Ty) < l/3d(Ty,y). So we 
have 
d(Tx, Ty) = ~nd(Tx, Ty) ~ /d;nd(x~, Tx) + /~nd(xn' Ty) ~ ;d(Tx, x) + ;d(Ty, y). 
Hence T is a Kannan mapping. From (ii), there exists a point xo e X such that 
Txo = xo' So ¥ve have 
/1~d(xn' xo) = ktT)d(xn' Txo) ~ Iklnd(xn' xo)' 
Hence kend(xn'xo) = O. This implies (iii). We next show that (iii) ~ (i). Let {xn} 
be a Cauchy sequence in X and let ~t be a Banach limit. Then it is easy to see that 
ptnd(xn'x) = Iim d(xn'x) 
n~'oo 
for every x e X and 
~enxf kt d(xn'x) = O. 
So from (iii), there exists a point xo C X such that p;nd(xn'xo) = O. Hence 
lim~ d(xn'xo) = O. Therefore X is complete. (i) ~> (iv) is immediate from The-
orem 2.1. Let us prove (iv) ~ (i). Let {xn} C X be a Cauchy sequence and 
consider the function c : X ~~ [O, oo) given by 
c(x) = Iim d(x~,x). 
n~oo 
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Then, ip is uniformly continuous and infxexip(x) = O. Let O < c(u). Then, there 
exists an x.~ C X such that xm ~ u, ip(x~) < -･･}ip(u) and d(xm'u) - c(u) < ip(u). 
Hence, ~ve ha¥'e 
3ip(x~) + d(x~, u) < ip(u) + 2ip(u) = 3ip(u) 
So, there exists an xo e X ¥vith O = c(xo) = Iim~~oo d(x~,xo). This completes the 
proof. [] 
Using the above theorems, we obtaln the follo~ving: 
Corollary 4.8. Let X be a metric space. Then the following are equivalent, 
(i) X is complete, 
(ii) every weakl~ contractive mapping from X ir~to itself has a fixed point in X. 
Proof. (i) ~> (ii) is proved in Section 3. By Theorem 4.6, we have WKo(X) = 
WCl(X). Since WKo(X) contains all Kannan mappings from X into itself, we can 
prove (ii) ~ (i) from Theorem 4.7. [] 
We also know the following theorem [16] 
Theorem 4.9. Let X be a normed linear space and let D be a convex subset of X. 
Then D is complete if arrd only if every contractive mapping from D into itself has 
a fixed point in D. 
As a direct consequence of Thorem 4.9, we obtain the following. 
Corollary 4.lO. Let X be a normed linear space. Then X is a Banach space if 
and only if every contractive mapping form X into itself has a fixed point in X. 
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